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o The Mossbauer neutrino experiment
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Classical Mossbauer effect

Classical Méssbauer effect: Recoilfree emission and absorption of y-rays

from nuclei bound in a crystal lattice.

R. L. Mdssbauer, Z. Phys. 151 (1958) 124
H. Frauenfelder, The Méssbauer effect, W. A. Benjamin Inc., New York, 1962
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— Extremely narrow emission and absorption lines
— Observation of gravitational redshift of photons
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— Extremely narrow emission and absorption lines
— Observation of gravitational redshift of photons
— Determination of the chemical environment of the emitting nucleus
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Classical Mossbauer effect

Classical Méssbauer effect: Recoilfree emission and absorption of y-rays

from nuclei bound in a crystal lattice.

R. L. Mdssbauer, Z. Phys. 151 (1958) 124
H. Frauenfelder, The Méssbauer effect, W. A. Benjamin Inc., New York, 1962

— Extremely narrow emission and absorption lines

— Observation of gravitational redshift of photons
— Determination of the chemical environment of the emitting nucleus
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Mossbauer neutrinos

A similar effect should exist for neutrino emission/absorption in bound state g
decay and induced electron capture processes.

W. M. Visscher, Phys. Rev. 116 (1959) 1581; W. P. Kells, J. P. Schiffer, Phys. Rev. C28 (1983) 2162
R. S. Raghavan, hep-ph/0511191; R. S. Raghavan, hep-ph/0601079
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Mossbauer neutrinos

A similar effect should exist for neutrino emission/absorption in bound state g
decay and induced electron capture processes.

W. M. Visscher, Phys. Rev. 116 (1959) 1581; W. P. Kells, J. P. Schiffer, Phys. Rev. C28 (1983) 2162
R. S. Raghavan, hep-ph/0511191; R. S. Raghavan, hep-ph/0601079

Proposed experiment:

Production: *H — 3He™ + 7, + e~ (bound)
Detection: 3He' + e~ (bound) + 7 — °H

SH and 3He are embedded in metal crystals (metal hydrides).
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Mossbauer neutrinos

A similar effect should exist for neutrino emission/absorption in bound state g
decay and induced electron capture processes.

W. M. Visscher, Phys. Rev. 116 (1959) 1581; W. P. Kells, J. P. Schiffer, Phys. Rev. C28 (1983) 2162
R. S. Raghavan, hep-ph/0511191; R. S. Raghavan, hep-ph/0601079

Proposed experiment:

Production: °H — 3He™ + 7, 4+ e~ (bound)
Detection: 3He' + e~ (bound) + 7 — °H

SH and 3He are embedded in metal crystals (metal hydrides).

Physics goals:
@ Neutrino oscillations on a laboratory scale: E = 18.6 keV, L3¢ ~ 20 m.
@ Gravitational interactions of neutrinos
@ Study of solid state effects with unprecedented precision
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Mossbauer neutrinos (2)

Mdssbauer neutrinos have very special properties:

@ Neutrino receives full decay energy: Q = 18.6 keV
@ Natural line width: v ~ 1.17 x 10724 eV
@ Atucal line width: v > 10~ eV

» Inhomogeneous broadening (Impurities, lattice defects)

» Homogeneous broadening (Spin interactions)
R. S. Raghavan, W. Potzel
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Md&ssbauer neutrinos (2)

Mdssbauer neutrinos have very special properties:

@ Neutrino receives full decay energy: Q = 18.6 keV
@ Natural line width: v ~ 1.17 x 10724 eV
@ Atucal line width: v > 10~ eV

» Inhomogeneous broadening (Impurities, lattice defects)

» Homogeneous broadening (Spin interactions)
R. S. Raghavan, W. Potzel

Experimental challenges:

@ Is the Lamb-Mdssbauer factor (fraction of recoil-free
emissions/absorptions) large enough?

@ Can a linewidth v > 10~"" eV be achieved?
@ Can the resonance condition be fulfilled?
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Md&ssbauer neutrinos (2)

Mdssbauer neutrinos have very special properties:
@ Neutrino receives full decay energy: Q = 18.6 keV
@ Natural line width: v ~ 1.17 x 10724 eV
@ Atucal line width: v > 10~ eV

» Inhomogeneous broadening (Impurities, lattice defects)

» Homogeneous broadening (Spin interactions)
R. S. Raghavan, W. Potzel

Experimental challenges:

@ Is the Lamb-Mdssbauer factor (fraction of recoil-free
emissions/absorptions) large enough?

@ Can a linewidth v > 10~"" eV be achieved?
@ Can the resonance condition be fulfilled?
Theoretical questions:
@ Can Mdssbauer neutrinos oscillate? s w. sienky, £ v Feiitzsch, . potzel
@ What is the effect of line broadening on oscillations?
@ Comparison of different formalisms (QM — QFT)



Outline

e Oscillations of M&ssbauer neutrinos: Qualitative arguments
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Textbook derivation of the oscillation formula
Diagonalization of the mass terms of the charged leptons and neutrinos gives
LD —% (€ary" Unjyi) W, + diag. mass terms + h.c.

(flavour eigenstates: o = e, 1, 7, mass eigenstates: j = 1,2, 3)

Joachim Kopp (Fermilab) Mbssbauer neutrinos



Textbook derivation of the oscillation formula
Diagonalization of the mass terms of the charged leptons and neutrinos gives
LD —\% (€ary" Unjyi) W, + diag. mass terms + h.c.

(flavour eigenstates: o = e, 1, 7, mass eigenstates: j = 1,2, 3)
Assume, at time t = 0 and location X = 0, a flavour eigenstate

¥(0,0)) = [va) Z ailvi)

is produced. At time t and position X, it has evolved into

l/(t X) ZU* —/Et+/p,X|V>
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Textbook derivation of the oscillation formula
Diagonalization of the mass terms of the charged leptons and neutrinos gives
LD —\% (EarY" UajviL) W, + diag. mass terms + h.c.

(flavour eigenstates: o = e, 1, 7, mass eigenstates: j = 1,2, 3)
Assume, at time t = 0 and location X = 0, a flavour eigenstate

¥(0,0)) = [va) Z il i)

is produced. At time t and position X, it has evolved into

l/(t X) ZU* —/Et+/p,X|V>

Oscillation probability:

2
P(Vaﬂvﬂ):\wlv(t,x»‘ = UsjUpUak U e~ (B BOLHIB=RO
j.k
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Equal energies or equal momenta?

Typical assumptions in the “textbook derivation” of the oscillation formula:
@ Different mass eigenstates have equal energies: E; = Ex = E

(“Evolution only in space”, “Stationary evolution”)
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Equal energies or equal momenta?

Typical assumptions in the “textbook derivation” of the oscillation formula:
e Different mass eigenstates have equal energies: E; = Ex = E

(“Evolution only in space”, “Stationary evolution”) = pj =,/ E? — m2 ~FE —

m\ﬁh

amaL
/k
P(vy — vg) = Z i UsiUnk Uge™ 28
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Equal energies or equal momenta?

Typical assumptions in the “textbook derivation” of the oscillation formula:
e Different mass eigenstates have equal energies: E; = Ex = E

“Evolution only in space”, “Stationary evolution”) = p; = /E? — m2 ~ F —
y p y j

m‘jh

amaL
Jk
(Vo — vp) Z iUsjUak Use™ 28

@ Different mass eigenstates have equal momenta: p; = px = p

(“Evolution only in time”, “Non-stationary evolution”)
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Equal energies or equal momenta?

Typical assumptions in the “textbook derivation” of the oscillation formula:
e Different mass eigenstates have equal energies: E; = Ex = E

(“Evolution only in space”, “Stationary evolution”) = pj =,/ E? — m2 ~E—

m‘jh

amaL
Jk
(Vo — vp) Z iUsjUak Use™ 28

@ Different mass eigenstates have equal momenta: p; = px = p
2
(“Evolution only in time”, “Non-stationary evolution”) =- E/ = 4 /p2 + m/? ~p+ %

A/k

VOL - Vﬂ Z UB] OékUﬁke i 2p
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Equal energies or equal momenta?

Typical assumptions in the “textbook derivation” of the oscillation formula:
e Different mass eigenstates have equal energies: E; = Ex = E

(“Evolution only in space”, “Stationary evolution”) = pj =,/ E? — m2 ~E—

m\\%

amaL
Jk
(Vo — vp) Z iUsjUak Use™ 28

@ Different mass eigenstates have equal momenta: p; = px = p
2
(“Evolution only in time”, “Non-stationary evolution”) =- Ej =./pP?+ mj2 ~p+ rzn—;)

A/k

VOL - Vﬂ Z UB] (XkUﬂke i 2p

These are assumptions or approximations, not fundamental principles!
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Equal energies or equal momenta? (2)

@ In general, neither the equal energy assumption nor the equal momentum
assumption is physically justified because both violate energy-momentum

conservation in the production and detection processes.

R. G. Winter, Lett. Nuovo Cim. 30 (1981) 101
C. Giunti, W. Kim, Found. Phys. Lett. 14 (2001) 213, hep-ph/0011072
C. Giunti, Mod. Phys. Lett. A16 (2001) 2363, hep-ph/0104148, C. Giunti, Found. Phys. Lett. 17 (2004) 103, hep-ph/0302026
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Equal energies or equal momenta? (2)

@ In general, neither the equal energy assumption nor the equal momentum
assumption is physically justified because both violate energy-momentum

conservation in the production and detection processes.

R. G. Winter, Lett. Nuovo Cim. 30 (1981) 101
C. Giunti, W. Kim, Found. Phys. Lett. 14 (2001) 213, hep-ph/0011072
C. Giunti, Mod. Phys. Lett. A16 (2001) 2363, hep-ph/0104148, C. Giunti, Found. Phys. Lett. 17 (2004) 103, hep-ph/0302026

@ Example: Pion decay atrest: 7" — pu" + v, 7 = + 17,
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Equal energies or equal momenta? (2)

@ In general, neither the equal energy assumption nor the equal momentum
assumption is physically justified because both violate energy-momentum
conservation in the production and detection processes.

R. G. Winter, Lett. Nuovo Cim. 30 (1981) 101
C. Giunti, W. Kim, Found. Phys. Lett. 14 (2001) 213, hep-ph/0011072

C. Giunti, Mod. Phys. Lett. A16 (2001) 2363, hep-ph/0104148, C. Giunti, Found. Phys. Lett. 17 (2004) 103, hep-ph/0302026

@ Example: Pion decay atrest: 7" — ut + v, 7 — pm 4+,

Energy-momentum conservation for emission of mass eigenstate |v;):

2\ 2 2 2 4
4 m 2

L _mE( MmN m mN
=2 '"m) 2\ "m) am
For massless neutrinos:E,-_p,-_Ez”gT(1—m’2‘>:30MeV.

To first order in m?:

EoErel E_(1-o™ N ERLAN
~ +§ﬁ’ pj~ E—( _§)ﬁ7 fNE —m | =Y

s
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Oscillation probability for Méssbauer neutrinos

@ Mdssbauer neutrinos are the only realistic case, where E; ~ E, holds
approximately, due to the tiny energy uncertainty, o ~ 10~ eV.

Joachim Kopp (Fermilab) Mbssbauer neutrinos



Oscillation probability for Méssbauer neutrinos

@ Mdssbauer neutrinos are the only realistic case, where E; ~ E, holds
approximately, due to the tiny energy uncertainty, o ~ 10~ eV.
= We expect:

2
AmvkL

P(Va —>l/5 Z Uﬁl akUﬁke It~
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Oscillation probability for Méssbauer neutrinos

@ Mbssbauer neutrinos are the only realistic case, where E; ~ E, holds
approximately, due to the tiny energy uncertainty, o ~ 10~ eV.
= We expect:

2
AmvkL

/
P(Va —>Vﬁ Z Uﬁ/ akUﬁke =t

@ More realistic treatment desirable: Wave packet model

» Requires neither equal E nor equal p
» Takes into account finite resolutions of the source and the detector
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Oscillation probability for Méssbauer neutrinos

@ Mbssbauer neutrinos are the only realistic case, where E; ~ E, holds
approximately, due to the tiny energy uncertainty, o ~ 10~ eV.
= We expect:

2
AmvkL

i
P(Va —>Vﬁ Z Uﬁ/ akUﬁke e

@ More realistic treatment desirable: Wave packet model

» Requires neither equal E nor equal p
» Takes into account finite resolutions of the source and the detector

Beuthe, Giunti, Grimus, Kiers, Kim, Lee, Mohanty, Nussinov, Stockinger, Weiss, ...
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Conditions for oscillations in a wave packet approach
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes % s

T\
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes % N

Neutrino oscillations are caused by the /VW
superposition of different mass eigenstates.

= If an experiment can distinguish different mass eigenstates,
oscillations will vanish.
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes % N

Neutrino oscillations are caused by the /VW
superposition of different mass eigenstates.

= If an experiment can distinguish different mass eigenstates,
oscillations will vanish.

Requirement for mass resolution op:

= \/ 2EUE 2,00',;) > Am2 B. Kayser, Phys. Rev. D24 (1981) 110
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Conditions for oscillations in a wave packet approach
@ Coherence in production and detection processes O N

Neutrino oscillations are caused by the /VW
superposition of different mass eigenstates.

= If an experiment can distinguish different mass eigenstates,
oscillations will vanish.

Requirement for mass resolution op:

= \/ 2EOE 2,00',;) > Am2 B. Kayser, Phys. Rev. D24 (1981) 110

This is easily fulfilled for Méssbauer neutrinos, since

og~10"""eV
op = 1/20x ~ 1/interatomic distance ~ 10 keV
E=p=18.6 keV
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes i .

@ Coherence maintained during propagation /VW
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes O .
@ Coherence maintained during propagation /VW
Decoherence could be caused by wave packet
separation
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes % .
@ Coherence maintained during propagation /VW
Decoherence could be caused by wave packet
separation

It can be shown that, for Méssbauer neutrinos, o, is small enough, so that

L os¢ < Lcoh-
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Conditions for oscillations in a wave packet approach

@ Coherence in production and detection processes % .
@ Coherence maintained during propagation /VW
Decoherence could be caused by wave packet
separation
"V
i

It can be shown that, for Méssbauer neutrinos, o, is small enough, so that
Losc < Lcoh-

= Stanard oscillation formula is approximately recovered:

Pao = 3 |Us Pl Usel exp [ - 27riLéksc}
j.k JL
ose A7 E
o ATE
/ Amj?k
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Outline

e Mossbauer neutrinos in QFT
@ The formalism
@ Inhomogeneous line broadening
@ Homogeneous line broadening
@ Natural line broadening
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Outline

0 Mossbauer neutrinos in QFT
@ The formalism
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Quantum field theoretical treatment

Aim: Properties of the neutrino should be automatically determined from
properties of the source and the detector.
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Quantum field theoretical treatment

Aim: Properties of the neutrino should be automatically determined from
properties of the source and the detector.

Idea: Treat neutrino as an internal line in a tree level Feynman diagram:

Hes Hp

>

Hep
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Quantum field theoretical treatment

Aim: Properties of the neutrino should be automatically determined from
properties of the source and the detector.

Idea: Treat neutrino as an internal line in a tree level Feynman diagram:

Hes

>

External particles reside in harmonic oscillator potentials.
E.g. for 3H atoms in the source:

Hp

Hep

7v/}H,S()_()a t)

MywH 4 1 - o i
{S] eXp | — 5 Mk s|X — Xs|?| - e Enst
™
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Oscillation amplitude

1 - o i
iA= /d x dty /d Xo ditz ( HAH, S) exp |:* §meH,S|X1 - XS|2] g En.st
m 1 I )
( HeWHe, S> exp |:_ émHewHe,S|X1 _ XS|2:| e'HEHe,Sﬁ

MHeWHe.D 1 _
. ( i €XP | — 5 MHeWhe, p|Xe — Xp|?| @ FHe.0k
3
i

+/EH ph

m 1
. ( HwHD) exp [ 2meH D|X2 —XD| :|

v 2 d'p (b—t;)+iB(Ro—%7)
.;MHM |Uej‘ /(27r)4 ipo (to—t)+iB(Xa —X;
i(p+m)

(1 ° vUe,D.
pg_pz—mj2+/€( +7)7 e,D

< Ue,s7u(1 =)

Joachim Kopp (Fermilab) Méssbauer neutrinos 16



Oscillation amplitude

iA= /d x dty /d Xo ditz ( HAH, S) exp {* %meH,s|Y1 - )_('s|2] g En.st

MyeWHe, s 1 - - i
( e exp — émHewHeys|X1 — Xs‘2 e+lEHe*st1

MHeWHe,D 1 o~ iEe, Dt
: ( €XP | — 5 MHeWhe, ol %o — Xp[? He.D2
3
7

Myw 1
( ' HD> exp[ ZmHWHD|x2—xD|] ot

v 2 d'p _; (b—t;)+iB(Ro—57)
.;MHM |Uej‘ /(271-)4 ipo (to—t)+iB(Xa —X;
i(p+m)

—_ (1 5 vUe D.
pg—pZ—mj?+le( +7)wlen

Te,s7u(1 = 7°)
Evaluation:
@ di di-integrals — energy-conserving ¢ functions — po-integral trivial
@ d°x; d®xo-integrals are Gaussian
@ d®p-integral: Use Grimus-Stockinger theorem (for large L = |Xp — Xs).

W. Grimus, P. Stockinger, Phys. Rev. D54 (1996) 3414, hep-ph/9603430
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The Grimus-Stockinger theorem

Let /() be a three times continuously differentiable function on R3, such that

¢ itself and all its first and second derivatives decrease at least like 1/|p/? for
|B| — oc. Then, for any real number A > 0,

elpL ‘E‘—?OO 271'2 N i _3
[0 ,02+/e T UVADSR oL,

= Quantification of requirement of on-shellness for large L = |L|.
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From the amplitude to the transition rate

Amplitude:
. 2 2
. —i s—m; s i /JE2—m2L
iA= 2 N 6(Es — Eo) exp [_ o ,] ;MHM Uy 2 6VE

_ .5
'Ue,87u1_21(p +mj) 5 'YuUe D,

52 = (Mhwh,s + Miewre,s) " + (MHWH,D + MewHe,0)
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From the amplitude to the transition rate
Amplitude:

i E§—m? iy (2 aly/EE—EL
iA= ﬂN&(ES — ED) exp |:_ T‘% ;M“M |Ue/| e s~
- _ A5
: Ue,s")’u%(P + mj) 2 'Yuue D;
+ (Mywh,p + Muewre,n) ™

05 = (Mhiwh,s + Mhewhe,s)

Transition rate: Integrate |A|? over densities of initial and final states
r O</ dEn,s dEne,s dEne,p dEH D
0
- 6(Es — Ep)pn,s(En.s) pre,0(Ere,p) pre s(Ene,s) pr,0(En,p)

2E2 fm?fmz i 2 2 2_ 2
S MUl exp | - T RV

202
J.k P

Oscillation phase
Analogue of Lamb-Md&ssbauer factor

(Recoil-free fraction)
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The Lamb-Mdssbauer factor

The Lamb-Méssbauer factor is the relative probability of recoil-free emission
and absorption, compared to the total emission and absorption probability.

Joachim Kopp (Fermilab) Mbssbauer neutrinos



The Lamb-Mdssbauer factor

The Lamb-Méssbauer factor is the relative probability of recoil-free emission
and absorption, compared to the total emission and absorption probability.

Difference to the standard Mdssbauer effect: Appearance of neutrino masses
= Emission and absorption of lighter mass eigenstates is suppressed
compared to that of heavy mass eigenstates
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The Lamb-Mdssbauer factor

The Lamb-Méssbauer factor is the relative probability of recoil-free emission
and absorption, compared to the total emission and absorption probability.

Difference to the standard Mdssbauer effect: Appearance of neutrino masses
= Emission and absorption of lighter mass eigenstates is suppressed
compared to that of heavy mass eigenstates

Convenient reformulation:
2E2 o m2 o m2 min 2 AmZ
- S/k}_exp{(p/k ) }exp{l /k}

2 2 2
2(Tp og 2(Tp

where (pj")? = E§ — max(m?, mg).
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The Lamb-Mdssbauer factor

The Lamb-Méssbauer factor is the relative probability of recoil-free emission
and absorption, compared to the total emission and absorption probability.

Difference to the standard Mdssbauer effect: Appearance of neutrino masses
= Emission and absorption of lighter mass eigenstates is suppressed
compared to that of heavy mass eigenstates

Convenient reformulation:
2E2 o m2 o m2 min 2 AmZ
exp | — S ] k:|_exp|:(p/k ) :|eXp|:| /k:|

2 2 2
2(Tp og 2(Tp

in\2 _ 2 2 2
where (pj™)= = Eg — max(ms, my).
= Localization condition

4roxE/op S ;}:“

(with o = 1/20y) is satisfied if L;?ks" > 2oy, which is easily fulfilled in realistics
situations.
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Outline

0 Mossbauer neutrinos in QFT

@ Inhomogeneous line broadening
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Inhomogeneous line broadening

Energy levels of H and 2He in the source and detector are smeared e.g. due

to crystal impurities, lattice defects, etc.

R. S. Raghavan, hep-ph/0601079
W. Potzel, Phys. Scripta T127 (2006) 85
B. Balko, I. W. Kay, J. Nicoll, J. D. Silk, G. Herling, Hyperfine Int. 107 (1997) 283

Joachim Kopp (Fermilab) Mbssbauer neutrinos

21



Inhomogeneous line broadening

Energy levels of 2H and 2He in the source and detector are smeared e.g. due
to crystal impurities, lattice defects, etc.

R. S. Raghavan, hep-ph/0601079
W. Potzel, Phys. Scripta T127 (2006) 85
B. Balko, I. W. Kay, J. Nicoll, J. D. Silk, G. Herling, Hyperfine Int. 107 (1997) 283

Good approximation:

Ya,B/2T
Eng) = 7
ra.6(EaB) (Eas — EaBo)? +73p/4
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Inhomogeneous line broadening

Energy levels of 2H and 2He in the source and detector are smeared e.g. due

to crystal impurities, lattice defects, etc.

R. S. Raghavan, hep-ph/0601079
W. Potzel, Phys. Scripta T127 (2006) 85
B. Balko, I. W. Kay, J. Nicoll, J. D. Silk, G. Herling, Hyperfine Int. 107 (1997) 283

Good approximation:

Ya,B/2T
Eng) = 7
ra.6(EaB) (Eas — EaBo)? +73p/4

Result for two neutrino flavours (m. > my):
Ego— m%} oo { A'"T (1s + p)/2r
(

% 205 | (Eso — Epo)? + stpel

coh coh L
- {1 —25%¢? [1 — %(e‘L/LS + e /5" cos (T‘-Losc)]}

LCSOhD = 4EZ/Am273,D

I'ocexp{
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Inhomogeneous line broadening

Energy levels of 2H and 2He in the source and detector are smeared e.g. due
to crystal impurities, lattice defects, etc.

R. S. Raghavan, hep-ph/0601079
W. Potzel, Phys. Scripta T127 (2006) 85
B. Balko, I. W. Kay, J. Nicoll, J. D. Silk, G. Herling, Hyperfine Int. 107 (1997) 283

Good approximation:

Ya,B/2T
Eng) = 7
ra.6(EaB) (Eas — EaBo)? +73p/4

Result for two neutrino flavours (m. > my):

E5o—m5 |AnP?| (vs +7p)/2n

o 205 | (Eso — Epo)? + stpel

coh coh L
- {1 —25%¢? [1 — %(e‘L/LS + e /5" cos (T‘-Losc)]}

LCSOhD = 4EZ/Am275,D

I'ocexp{

In realistic cases: Lg", > L = Decoherence is not an issue.
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Outline

0 Mossbauer neutrinos in QFT

@ Homogeneous line broadening
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Homogeneous line broadening

@ Fluctuating electromagnetic fields in solid state crystal
» Fluctuating energy levels of *H and *He.

Joachim Kopp (Fermilab) Méssbauer neutrinos

23



Homogeneous line broadening

@ Fluctuating electromagnetic fields in solid state crystal
» Fluctuating energy levels of *H and *He.

@ Classical Mdssbauer effect: Homogeneous and inhomogeneous
broadening both lead to Lorentzian line shapes

» Experimentally indistinguishable
» We expect a result similar to that for the case of inhomogeneous broadening
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Homogeneous line broadening

@ Fluctuating electromagnetic fields in solid state crystal
» Fluctuating energy levels of *H and ®He.

@ Classical Mdssbauer effect: Homogeneous and inhomogeneous
broadening both lead to Lorentzian line shapes

» Experimentally indistinguishable
» We expect a result similar to that for the case of inhomogeneous broadening

@ Ansatz: Introduce modulation factors of the form
t

fA,B(t) = exp { i/ at’ [EA,B(t/) — EA7B,0]t/
0

in the 3H and 3He wave functions (A = H,He, B = S, D).

J. Odeurs, Phys. Rev. B52 (1995) 6166
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Transition amplitude for homogeneous line broadening

3
. m i o »
IA = /d3X1 dt /d3X2 db <$> exp {— 1§mHWH,s|X1 - Xs\z] e 'En,st

3
MyeWwHe. s \ 4 1 . . .
| HHe*He,S exp _ *mHewHe,S‘)ﬁ _ XS|2 e+’EHe,St1
T 2
MyeWHe,D 1 - - i
( — émHewHe,D|X2*XD|2 g~ /Fre.te
i 1
M{WH,D
( exp | — EmeH D‘Xg — XD‘ +lEH'D12
™

s a* . UG
. ZMgMD |Ugj|? /ﬁ exp [— ipo(te — t) + iP(X2 — X1)]
)
i(p+m)

_.—1 5,/U
%_m_ﬁ+k(+7hep

“Uesvu(1 — 75)
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Transition amplitude for homogeneous line broadening

3
i .
1A = /d3X1 dty /d3X2 dt (%) exp {— %meH,sPa - Ys\z] fu,s(tr) @™t

3

MHeWwHe,s \ * 1 - - i

(7o) oxp | S sl — %o () €75
s

MHyeWHe.D 1 - - —j

( Sndi ) [ émHewHe,D|X2*XD|2 fre,p(1p) @ FHe.D®
i 1
MHWH, D L iEy pt:
( - ) exp |:— EmeH D‘Xg — XD‘ ] fﬁyp(tz) g''FH.Dk

v a* . UG
. ZMgMD |Ugj|? /ﬁ exp [— ipo(te — t) + iP(X2 — X1)]
)
i(p+m)

_.—1 5,/U
%_m_ﬁ+k(+7hep

“Uesvu(1 — 75)
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Transition amplitude for homogeneous line broadening

3
. m 4 - i
A = /d3X1 dt /d3X2 db <$) exp {— 1§chuH,s|X1 - Xs\z] fu,s(tr) @ "Fsh

Evaluation:

“Uesvu(1 — 75)

3

MHeWwHe,s \ * 1 - - i

(g eXP | — 5 MHewhe,s|X1 — Xs[? | fie,s(t) € et
s

MyeWHe,D 1 - - i

( = ) [ émHeWHe,D|X2*XD|2 fre,p(1p) @ FHe.D®
: 1
M{wH, D iE pt
( - ) exp |:— EmeH D‘Xg — XD‘ ] fﬁyg(tz) e*' H,D%2

. a* . oo
. ZMgMD |Ugj|? /ﬁ exp [— ipo(te — t) + iP(X2 — X1)]

j
i(p+ m)

_.—1 5 v U,
p§—p2—mj?+/e( + 7)1 le,n

@ d°xy d®xp-integrals are Gaussian
@ d®p-integral: Use Grimus-Stockinger theorem.
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Transition rate for homogeneous line broadening

Transition rate I' o< (AA*)
(statistical average of AA* over all possible ®H and *He states).
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Transition rate for homogeneous line broadening

Transition rate I' o< (AA*)
(statistical average of AA* over all possible ®H and *He states).

= We encounter the quantity

Bs(tr. 1) = (fus(t) i, s(t) £ 5(F) fs(h) )

= <exp [_ i ; at’ AEs(t’)] > :

where AEs(t') = [En,s(t') — Ene,s(t')] — [En,s,0(t") — Ene,s,0(1")]-
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Transition rate for homogeneous line broadening

Transition rate I' o< (AA*)
(statistical average of AA* over all possible ®H and *He states).

= We encounter the quantity

Bs(tr. 1) = (fus(t) i, s(t) £ 5(F) fs(h) )

t
= <exp {—/ : dt AEs(t)]>,
where AEs(t') = [En,s(t') — Ene,s(t')] — [En.s,0(t") — Ene,s,0(t")]-

@ By definition, (AEg(t')) =0
@ Markov approximation: (AEg(t')AEg(t")) = vsdo(t' —t")
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Transition rate for homogeneous line broadening

Transition rate I' o< (AA*)
(statistical average of AA* over all possible ®H and *He states).

= We encounter the quantity

Bs(t1,B) = (fs(t) fie,s(t) .s(h) e s(B) )

t
= <exp {—/ : dt AEs(t)]>,
where AEs(t') = [En,s(t') — Ene,s(t')] — [En.s,0(t") — Ene,s,0(t")]-

@ By definition, (AEg(t')) =0
@ Markov approximation: (AEg(t')AEg(t")) = vsdo(t' —t")

= Bs(ti, ) = exp [— sl — 1 |]-
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Transition rate for homogeneous line broadening (2)

Result:

E5o— mg} ox {_ Amz} : (ys +p)/27

2 2 2
o3 205 | (Eso — Epo)? + M

- {1 —282¢2 [1 - %(e‘L/L?h +e ") cos (w%)] }

...identical to the result for inhomogeneous line broadening.

ruexp{—
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Outline

0 Mossbauer neutrinos in QFT

@ Natural line broadening
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Amplitude for broadening by natural line width

Take into account the instability of 3H in the source and the detector.

3
N 7 3 T (Mhwns* 1 o o2 —iEg st
iA= [d X1 dt1 d X2 dtg e exp |— §mHWH,S‘X1 —Xs| e :
0 0 T

MHeWHe, s
m

3

4 .
1 3 IR +iEy t

) exp [— 5 MHeWHe, 5| X1 — Xs| ] g tHe, 51

MyeWHe,D - - — il
. ( e %mHeWHe,D|X2 - XD|2] g Fre.0t
3
4

MH{WH,D o EH D!
. ( - exp[——meH D|X2—XD| ] H,D%2

. ZMMMV*|U81‘ / a* P ’Po(fz—f1)+iﬁ(72—71)
, (2r°

1775 I(p+ mf) 1+'y
2

- Ue,s7 = : YvUe,D
# ps— P2 —mPtie ®

(correctness of this formula can be verified in the Wigner-Weisskopf approach)

E. Akhmedov, J. Kopp, M. Lindner, JHEP 0805 (2008) 005 (arXiv:0802.2513)
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Amplitude for broadening by natural line width

Take into account the instability of 3H in the source and the detector.

: 3 7 3 7 MHWH, s : 1 o o 2| —iEy st — st
iA I/d X1 /dt1 /d Xg/dtg _— exp [— §mHWH,S‘X1 —Xs| ] e FH.sfhT27h
0 0 T

MHeWHe,s
m

3

4 .
1 3 IR +iEy t

) exp [— 5 MHeWHe, 5| X1 — Xs| ] g tHe, 51

MyeWHe,D - - — il
. ( e %mHeWHe,D|X2 - XD|2] g Fre.0t
3
4

MH{WH,D otiE t— Sy (T—t
( = exp[—mewHole—xol] H,pl2—57(T—1)

. ZMMMV*|U81‘ / a* P ’Po(fz—f1)+iﬁ(72—71)
, (2r°

1775 I(p+ mf) 1+'y
2

- Ue,s7 = : YvUe,D
" ps— P2 —mPtie ®

(correctness of this formula can be verified in the Wigner-Weisskopf approach)

E. Akhmedov, J. Kopp, M. Lindner, JHEP 0805 (2008) 005 (arXiv:0802.2513)
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Probability for broadening by natural line width

P o< O0(Ti) | Uef | Vel

j.k
min 2 2 _ _
-exp { (ijz) } exp { %]ei(\/ﬂ—\/r"ﬁﬁ

sin [3(Es — Ep)(T — )] sin [3(Es — Ep)(T — )]
2

. e*'YTjk e—L/L/c'l?h
(Es — Ep)

PR = = con
where Ty = min (7 u T vk> and Li" = A
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Probability for broadening by natural line width

P o ZO(TJk) | Uej|?| Uek |2
In;
min )2 2 _ _
-exp { (p/kz) } exp { W]ei(ﬂ_mﬁ
Up 20'p
sin [3(Es — Ep)(T — )] sin [3(Es — Ep)(T — )]
(Es — Ep)?

e ThgL/L

PR = = con
where Ty = min (7 u T vk> and Li" = A

ot i(\/E2—m?—y/E2—mZ)L
o Oscillation term: & (VE*~ m)
@ Lamb-Méssbauer factor: exp [— (pj")?/o7]
H H . 2 2
@ Localization term: exp [— |Am5|/207]
coh
@ Coherence term: e~ */bi



Probability for broadening by natural line width (2)

@ Resonance term

sin [3(Es — Ep)(T — )] sin [5(Es — Ep)(T — )]
(Es — Ep)?

does not depend on ~, but only on the total measurement time T
(Heisenberg principle).
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Probability for broadening by natural line width (2)

@ Resonance term
sin [%(Es — ED)(T — %)} sin [%(Es — ED)(T — v% ]
(Es — Ep)?

does not depend on ~, but only on the total measurement time T
(Heisenberg principle).
@ Analogy: subnatural spectroscopy in quantum optics | Eesst
» Atom is excited instantaneously to state |b). ﬂr
» Continuous irradition with frequency v.
» Probability for exiciting state |a) is proportional to ’
[(v = ves)® + (va = )?/4] 7", ot [(v — ves)? + (7a + )2 /4]

P. Meystre, O. Scully, H. Walther, Optics Communications 33 (1980) 153
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Probability for broadening by natural line width (2)
@ Resonance term

sin [3(Es — Ep)(T — L) sin [3(Es — Ep)(T — L)]
2

v Vi

does not depend on ~, but only on the total measurement time T
(Heisenberg principle).
@ Analogy: subnatural spectroscopy in quantum optics | Eeosst o,

» Atom is excited instantaneously to state |b). ﬂr
9

» Continuous irradition with frequency v.
» Probability for exiciting state |a) is proportional to
[(v — vres)® + (va = 76)? /417", MOt [(v — ves)? + (7a + 70)7 /4]

P. Meystre, O. Scully, H. Walther, Optics Communications 33 (1980) 153

@ Here:
» |b) < *H atom in the source, 3He atom in the detector
» |a) < 3He atom in the source, ®H atom in the detector
» Excitation of |b) < Production of source
» Transition |b) — |a) < neutrino production, propagation and absorption
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Outline

0 Can the same results be obtained in a QM approach?
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Lorentzian wave packets

Describe Mdssbauer neutrino as a Lorentzian wave packet:

\V7s/2 .
(pl7es(t) Z Usj fis fis — VST exp [ — iEt] 1))

P — pjs + ivs/2
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Lorentzian wave packets

Describe Mdssbauer neutrino as a Lorentzian wave packet:

\/vs/2 .
(p|Tes(t) Z Uy fis & exp [_ /Ejt] V)

p—pPjs+ ivs/2

Detection process: Projection onto

1 Vp/2m
> Ueifio

- _ b __Vvip/ern oL ]
<p|VeD> ND p_p/D"‘ I’YD/2 eXp [ Ip ] |V]>

j
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Lorentzian wave packets

Describe Mdssbauer neutrino as a Lorentzian wave packet:

Z U \Y vs/2m
e /S .

% .
(plves(t — Pjs + ivs/2

exp [ — iEjt] |v))

Detection process: Projection onto

(plTep) = L > Uit 10/21 exp [ — ipL] |v))

Np - P —Pp + ip/2
Fudge factors
E2 — m? E2 —m?
fs = exp { / } , fip = exp [/]
/ 20,233 20§D

describe dependence of production/detection amplitudes on neutrino mass
(cannot be computed in QM, but only in QFT).
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Transition amplitude, probability, and rate in QM

Transition amplitude:

At.L) = / b (7e0|P) {Pl7es()
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Transition amplitude, probability, and rate in QM

Transition amplitude:
A(t.1) = [0 (Feolp) (PI7es(1)
Transition probability:

T/2
/ dt A*(t, L) A(t, L)
T /2
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Transition amplitude, probability, and rate in QM

Transition amplitude:

A(t.1) = [0 (Feolp) (PI7es(1)
Transition probability:

T/2
/ dt A*(t, L) A(t, L)
T /2

Transition rate:

1
P o

[ =
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Transition rate in QM

Approximations:
@ Use that momentum space wave packets are very narrow
@ Use that neutrinos are ultra-relativistic (m; < Ej)

Result:

E2, — m2 2
rocexp { 502} exp { ‘Am } ( (’)’S+’)’D)/27T

o3 205 | (Eso— Epo)? + (Ws-:“m)z

: {1 —28%¢? [1 - %(e‘L/LCS‘)h + e /5" cos (WLOLW)] }

...identical to QFT result.
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Comparison of QFT and QM approaches

QFT QM
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Comparison of QFT and QM approaches

QFT QM
Few input parameters: Many input parameters:
WH,He;S,05 EH He;s,05 V5,0 B, oMB, pis b, V5.0, 5.0 fis,ps
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Comparison of QFT and QM approaches

QFT QM
Few input parameters: Many input parameters:
WH,He;S,05 EH He;s,05 V5,0 B, oMB, pis b, V5.0, 5.0 fis,ps

Shape of neutrino wave packets Shape of neutrino wave packets
determined automatically put in by hand
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Comparison of QFT and QM approaches

QFT

Qm

Few input parameters:
WH,He:S,0> EH.He;s,D5 VS,D

Shape of neutrino wave packets
determined automatically

Predicts total transition rate (in-
cluding Lamb-Mé&ssbauer factor)

Many input parameters:
B, oMB, pis b, V5.0, 5.0 fis,ps

Shape of neutrino wave packets
put in by hand

Predicts only oscillation proba-
bility
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Comparison of QFT and QM approaches

QFT

Qm

Few input parameters:
WH,He:S,0> EH.He;s,D5 VS,D

Shape of neutrino wave packets
determined automatically

Predicts total transition rate (in-
cluding Lamb-Mé&ssbauer factor)

Correct localization condition

Many input parameters:
B, oMB, pis b, V5.0, 5.0 fis,ps

Shape of neutrino wave packets
put in by hand

Predicts only oscillation proba-
bility

No (or incomplete) localization
condition
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Comparison of QFT and QM approaches

QFT

Qm

Few input parameters:
WH,He:S,0> EH.He;s,D5 VS,D

Shape of neutrino wave packets
determined automatically

Predicts total transition rate (in-
cluding Lamb-Mé&ssbauer factor)

Correct localization condition

Realistic implementation of line
broadening

Many input parameters:
B, oMB, pis b, V5.0, 5.0 fis,ps

Shape of neutrino wave packets
put in by hand

Predicts only oscillation proba-
bility

No (or incomplete) localization
condition

Line broadening parameterized
by vs.0
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Comparison of QFT and QM approaches

QFT

Qm

Few input parameters:
WH,He:S,0> EH.He;s,D5 VS,D

Shape of neutrino wave packets
determined automatically

Predicts total transition rate (in-
cluding Lamb-Mé&ssbauer factor)

Correct localization condition

Realistic implementation of line
broadening

Abstract formalism

Many input parameters:
B, oMB, pis b, V5.0, 5.0 fis,ps

Shape of neutrino wave packets
put in by hand

Predicts only oscillation proba-
bility

No (or incomplete) localization
condition

Line broadening parameterized
by vs.0

More transparent formalism
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Outline

e Conclusions
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Conclusions

@ Mdssbauer neutrinos do oscillate.

@ Plane wave treatment: Mdssbauer neutrinos are the only case where the
equal energy assumption is justified.
@ Wave packet considerations:
» Coherence and localization conditions are irrelevant for realistic experiments.
» Properties of the neutrino wave packets have to be put in by hand.
@ QFT treatment:
» Only properties of the source and the detector are put in by hand.
» Generalized Lamb-Mdssbauer factor leads to localization condition.
» Nonzero line width (due to homogeneous and inhomogeneous line
broadening) leads to coherence condition.
» Both conditions are easily fulfilled in realistic experiments.
» Natural line width dominance unrealistic, but interesting analogy to
subnatural spectroscopy — Resolution not limited by line width!
@ QM treatment:
» Lorentzian wave packets
QFT result can be reproduced
...but only if many parameters are adjusted by hand
QM is the less abstract, but also the less complete formalism

Joachim Kopp (Fermilab) Mbssbauer neutrinos
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Oscillation formula for neutrino wave packets

Assume Gaussian wave packets:

i 2 b
[va(X, b)) = 7r0 1/42 / e~ (P—pis)? /4cps o=\ /PHM, t+’px|1/j>
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Oscillation formula for neutrino wave packets
Assume Gaussian wave packets:

i 2 i
(X, 1)) = 271'0 ; /42 / B v L
Oscillation formula:

Poo = _ |Ugj[?|Uek|? exp | — 2ri L (L 2—2 2¢2 1Y
ee — e/ ek p ™ Ljoksc le?h ™ 2 O_p L;)ksc

Ik

C. Giunti, C. W. Kim, U. W. Lee, Phys. Rev. D44 (1991) 3635; C. Giunti, C. W. Kim, Phys. Lett. B274 (1992) 87
K. Kiers, S. Nussinov, N. Weiss, Phys. Rev. D53 (1996) 537, hep-ph/9506271
C. Giunti, C. W. Kim, Phys. Rev. D58 (1998) 017301, hep-ph/9711363, C. Giunti, Found. Phys. Lett. 17 (2004) 103, hep-ph/0302026

with
% = 4nE/Am Oscillation length
L = 2\f E? /ap\Am,k| Coherence length
Energy that a massless neutrino would have
.5 quantifies the deviation from E
(tiny for M&ssbauer neutrinos)
op Effective wave packet width
(tiny for M&ssbauer neutrinos)
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Results from the wave packet treatment

@ Decoherence term

L
cannot inhibit oscillations because
L]?,Sh/ ik~ E/op~ 10'°.
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Results from the wave packet treatment

@ Decoherence term

L
cannot inhibit oscillations because
L]C-,S“/ ik~ Ejop~ 10'°.

@ Localization term

1 \2
o0 | -7 (g |
i

cannot inhibit oscillations, because
g/apL;?,EC < 1.
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Results from the wave packet treatment

@ Decoherence term

L
cannot inhibit oscillations because
coh/ osc E/O’p ~ 1015.

@ Localization term

1 \2
o0 | -7 (g |
i

cannot inhibit oscillations, because
g/apL;?,EC < 1.

= Our expectation is confirmed:

Am2 L
/k
P(Va —>l/5 Z Uﬁ] akUﬂke e~ .
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Problems of the wave packet treatment

@ Assumptions had to be made on o,
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Problems of the wave packet treatment

@ Assumptions had to be made on o,
@ Assumptions had to be made on &,
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Problems of the wave packet treatment

@ Assumptions had to be made on o,
@ Assumptions had to be made on &,

We are looking for a formalism, in which these quantities are automatically
determined from the properties of the source and the detector.
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Probability for broadening by natural line width (3)

@ Time dependence for Es = Ep: T2 e 77 /4.

Classical argument for this behaviour:
» Numbers of 3H nuclei in the detector, Np, and in the source, Ns, obey

Mo = ~NshoPoo TCT) N
where N, is the number of *He atoms in the detector.

» Absorption cross section o(T) ~ sy T, because Heisenberg principle
requires resonance condition to be fulfilled to an accuracy ~ T~'. For
Lorentzian emission an absorption lines, the overlap integral is then
proportional to T.

» Using Ns = Nsoexp(—~T), the solution to the above equation is

~ Ns oNoyPeeSo

No 8ml?

T2e T,
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The time-energy uncertainty relation
Mandelstam-Tamm relation:
11 d—=
NI EO(:‘)’.

Here, O(t) = (1(1)|OJy(t)), for any operator O and QFT Fock state [+/(t)).
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The time-energy uncertainty relation
Mandelstam- Tamm relation:

AEAO > - O(t)’

Here, O(t) = (1 (t)|O|’(/J(t)>, for any operator O and QFT Fock state |(t)).
Choose O = |v,) (v, | (projection in 3d flavour space) and «(t) a neutrino state

1 1gP(
NGO 0k

with P(t) = | (va|w (1)) |°. S. M. Bilenky, F. v. Fellitzsch, W. Potzel, J. Phys. G35 (2008) 095003 (arXiv:0803.0527)
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The time-energy uncertainty relation

Mandelstam-Tamm relation:

AEAO > 195 ]

2ldt
Here, O(t) = (1(1)| 0| (t)), for any operator O and QFT Fock state [+/(t)).

o(1)

Choose O = |v,){v,| (projection in 3d flavour space) and «(t) a neutrino state

ap
e s 1 18POL
2.\/P(t) — P2(t)
with P(t) = | (va|¥(1)) |?. S. M. Bilenky, F. v. Fellitzsch, W. Potzel, J. Phys. G35 (2008) 095003 (arXiv:0803.0527)

Problem: Interpretation of P(t).

@ Would be the oscillation probability for a completely delocalized detector.

@ Imagine wave packet which is large compared to L**: Delocalized
detector averages out oscillations.

@ More realistic: Projection in flavour space and in coordinate space:
Oy = [va) IX) (X|(Val
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The time-energy uncertainty relation (2)

Mandelstam-Tamm relation now reads:
|G P(X.1)|

AE > ,
B \/P()?at)_Pz()?7t)

N =

with P(X, t) = |(X| (v5|W(1)) |? (now indeed an oscillation probability).
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Mandelstam-Tamm relation now reads:
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Two-flavour approximation: P(X, t) = 1 — sin® 2 sin® ¢(X, 1)
sin 26 cos ¢(X, t)

= AE > |E1 = .
\/1 — sin? 26 sin® (X, 1)
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Two-flavour approximation: P(X, t) = 1 — sin® 2 sin® ¢(X, 1)
sin20 cos ¢(X, t)
\/1 — sin? 26 sin® (X, 1)

= AE > |E; — E;|

Certainly fulfilled, if fulfilled for sin® 26 = 1.
= AE > ‘E1 —E2|.
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The time-energy uncertainty relation (2)
Mandelstam-Tamm relation now reads:
&P D)
VP, ) — P2(X, 1)
with P(X, 1) = (X

AE >

N =

(vs|W(1)) > (now indeed an oscillation probability).
Two-flavour approximation: P(X, t) = 1 — sin® 2 sin® ¢(X, 1)
sin 26 cos ¢(X, t)

= AE > |E1 = .
\/1 — sin? 26 sin® (X, 1)

Certainly fulfilled, if fulfilled for sin® 26 = 1.
= AE > ‘E1 —E2|.

“Energy difference of mass eigenstates must be smaller than energy
uncertainty.”
Easily fulfilled for M&ssbauer neutrinos due to large momentum uncertainty.
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